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AN APPLICATION OF THE SYMPLECTIC ARGUMENT TO SOME
FERMAT-TYPE EQUATIONS
NUNO FREITAS AND ALAIN KRAUS
Abstract. Let p be a prime number. In the early 2000s, it was proved that the Fermat
equations with coefficients
3x
p + 8yp + 21zp = 0 and 3xp + 4yp + 5zp = 0
do not admit non-trivial solutions for a set of exponents p with Dirichlet density 1/4 and
1/8, respectively. In this note, using a recent criterion to decide if two elliptic curves over
Q with certain types of additive reduction at 2 have symplectically isomorphic p-torsion
modules, we improve these densities to 3/8.
Résumé. Une application du critère symplectique à quelques équations de Fer-
mat. Soit p un nombre premier. Au début des années 2000, il a été démontré que les
équations de Fermat à coeficients
3x
p + 8yp + 21zp = 0 et 3xp + 4yp + 5zp = 0
ne possèdent pas de solutions non triviales pour un ensemble d’exposants p de densité
de Dirichlet 1/4 et 1/8, respectivement. Dans cette note, en utilisant un résultat récent
permettant de décider si deux courbes elliptiques sur Q, ayant un certain type de réduction
additive en 2, ont leurs modules des points de p-torsion symplectiquement isomorphes, on
améliore ces densités à 3/8.
1. Introduction
In [5] J.P.-Serre raised questions regarding specific instances of the Fermat equation with
coefficients, that is
(1.1) axp + byp + czp = 0
where p is a prime and a, b, c ∈ Z are fixed and non-zero.
In [3] the second author and Halberstadt introduced the symplectic argument as a comple-
ment to the modular method and partly solved the questions raised by Serre, together with
other instances of the equation above. Indeed, for some explicit choices of a, b and c they
used Theorem 4 below and [3, Lemma 1.7] to show that (1.1) does not have solutions when
the exponent p belongs to certain congruence classes. Another diophantine application of
the symplectic argument and Theorem 4 can be found in [2], where it was used to solve the
classical Fermat equation over Q(√17) for a set of exponents with density 1/2.
We remark that the reason why the symplectic argument is necessary is invisible in the proof
of Fermat’s Last Theorem where the modular method has its origin. Indeed, after applying
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modularity and level lowering results, one gets an isomorphism
ρE,p ∼ ρf,p
between the mod p representations attached to the Frey curve and some newform f with
weight 2 and ‘small’ level N . In the proof of FLT we have N = 2 and there are no candidate
newforms f , giving a contradiction. In essentially every other application of the modular
method there are candidates for f , therefore more work is needed to obtain a contradiction
to the previous isomorphism. The symplectic argument is a tool that allows to obtain the
desired contradiction in certain cases. In particular, in the recent work [1] the first author
proved a new symplectic criterion (Theorem 3 below) and used it to solve the Generalized
Fermat equation x3 + y3 = zp when (−3/p) = −1.
The purpose of this note is to further illustrate the strength of the symplectic argument, by
combining the new and old criteria to improve two results originally obtained in [3]. More
precisely, we will establish the following theorems.
Theorem 1. Let p > 7 be a prime satisfying
p ≡ 5 (mod 8) or p ≡ 23 (mod 24).
Then the Fermat equation
(1.2) 3xp + 8yp + 21zp = 0
has no solutions (x, y, z) ≠ (0,0,0).
Theorem 2. Let p ≥ 5 be a prime satisfying
p ≡ 5 (mod 8) or p ≡ 19 (mod 24).
Then the Fermat equation
(1.3) 3xp + 4yp + 5zp = 0
has no solutions (x, y, z) ≠ (0,0,0).
Let us mention that the coefficients a, b, c of the Fermat equations (1.2) and (1.3) do not
satisfy non-trivial linear relations with coefficients in {−1,0,1}. Conjecturally, we expect that
for any prime number p large enough, the two equations have at least one local obstruction
i.e. there is at least a prime number ℓ such that they have no solutions over Qℓ (see [3,
Conjecture (C)]). Indeed, such is the case for 11 ≤ p < 105. For p = 3, the curve of equation
3xp + 8xp + 21zp = 0 has no points over Q3 and Q7; for p = 5 and p = 7, it has no local
obstructions. The curve of equation 3xp +4yp +5zp = 0 has no local obstruction for p = 3; for
p = 5 it has has no points over Q11 and for p = 7 it has no points over Q29 and Q43. Moreover,
if k is a fixed positive even integer, for any p large enough such that q = kp + 1 is prime,
the curves have a local obstruction at q (see Proposition 3.3 in loc. cit.). For example, with
k = 2 such is the case as soon as p ≥ 11.
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2. Two Symplectic criteria
In this section we state the criteria we will use in the proofs. We first recall some terminology.
Let E, E′ be elliptic curves over Q with p-torsion modules E[p], E′[p] and Weil pairings
eE,p, eE′,p, respectively. Let φ ∶ E[p]→ E′[p] be an isomorphism of GQ-modules. Then there
is an element r(φ) ∈ F×p such that
eE′,p(φ(P ), φ(Q)) = eE,p(P,Q)r(φ) for all P,Q ∈ E[p].
Note that for any a ∈ F×p we have r(aφ) = a2r(φ). We say that φ is a symplectic isomorphism
if r(φ) = 1 or, more generally, r(φ) is a square in F×p . Fix a non-square rp ∈ F×p . We say that
φ is a anti-symplectic isomorphism if r(φ) = rp or, more generally, r(φ) is a non-square in F×p .
Finally, we say that E[p] and E′[p] are symplectically (or anti-symplectically) isomorphic,
if there exists a symplectic (or anti-symplectic) isomorphism of GQ-modules between them.
The following is [1, Theorem 3].
Theorem 3. Let E/Q2 and E′/Q2 be elliptic curves with potentially good reduction. Write
L = Qun
2
(E[p]) and L′ = Qun
2
(E′[p]). Write ∆m(E) and ∆m(E′) for the minimal discrimi-
nant of E and E′ respectively. Let I2 ⊂ Gal(Q2/Q2) be the inertia group.
Suppose that L = L′ and Gal(L/Qun
2
) ≃ SL2(F3). Then, E[p] and E′[p] are isomorphic
I2-modules for all prime p ≥ 3. Moreover,
(1) if (2/p) = 1 then E[p] and E′[p] are symplectically isomorphic I2-modules.
(2) if (2/p) = −1 then E[p] and E′[p] are symplectically isomorphic I2-modules if and
only if υ2(∆m(E)) ≡ υ2(∆m(E′)) (mod 3).
Furthermore, E[p] and E′[p] cannot be both symplectic and anti-symplectic isomorphic I2-
modules.
The following is [4, Proposition 2].
Theorem 4. Let E, E′ be elliptic curves over Q with minimal discriminants ∆, ∆′. Let p
be a prime such that ρE,p ≃ ρE′,p. Suppose that E and E′ have multiplicative reduction at a
prime ℓ ≠ p and that p ∤ vℓ(∆). Then p ∤ vℓ(∆′), and the representations ρE,p and ρE′,p are
symplectically isomorpic if and only if vℓ(∆)/vℓ(∆′) is a square mod p.
3. Proof of Theorem 1
Suppose (x, y, z) is a non-trivial primitive solution to (1.2). From [3, Example 2.5] we know
that the Frey curve Ex,y,z attached to (x, y, z) has minimal discriminant ∆x,y,z given by
∆x,y,z = {210 ⋅ 32p−2 ⋅ 72 ⋅ (xyz)2p if y is odd
2−2 ⋅ 32p−2 ⋅ 72 ⋅ (xyz)2p if y is even.
Moreover, after applying the now classical modularity, irreducibilty and level lowering results
over Q we conclude that
ρEx,y,z,p ∼ ρf,p
3
where f is a newform for Γ0(N) and weight 2 with level N given by
N = {168 if y is odd
42 if y is even.
There is only one such newform at level 42 and two of them at level 168. The three have
rational coefficients hence correspond to isogeny classes of elliptic curves. We note that
the curves in the isogeny class with Cremona label ‘42a’ have multiplicative reduction at 2
while the curves of conductor 168 have potentially good reduction at 2. Furthermore, their
minimal extension L/Qun
2
of good reduction satisfies Gal(L/Qun
2
) ≃ SL2(F3).
We now divide the proof into two natural cases.
Case I: Suppose y is even. Thus Ex,y,z[p] ≃ E[p], where E = 42a1. It is proved in [3,
Example 2.5] that we get a contradiction with (−2/p) = −1.
Case II: Suppose y is odd. There is an isomorphism φ ∶ Ex,y,z[p] ≃ E[p], where
E = 168a1, ∆E = 24 ⋅ 3 ⋅ 7 or E = 168b1, ∆E = −24 ⋅ 33 ⋅ 74.
Note that
υ2(∆x,y,z) = 10, υ3(∆x,y,z) ≡ −2, υ7(∆x,y,z) ≡ 2,
where the congruences are mod p.
Suppose (2/p) = −1 and E = 168a1. It follows from Theorem 1 that φ is symplectic. Thus
Theorem 4 implies that υ7(∆x,y,z)/υ7(∆E) ≡ 2 is a square mod p, a contradiction.
Suppose (2/p) = −1 and E = 168b1. It follows from Theorem 1 that φ is symplectic. Thus
Theorem 4 implies that υ7(∆x,y,z)/υ7(∆E) ≡ 2/4 is a square mod p, a contradiction.
Suppose (2/p) = 1 and E = 168a1. It follows from Theorem 1 that φ is symplectic. Thus
Theorem 4 implies that υ3(∆x,y,z)/υ3(∆E) ≡ −2 is a square mod p. This implies (−1/p) = 1.
Suppose (2/p) = 1 and E = 168b1. It follows from Theorem 1 that φ is symplectic. Thus
Theorem 4 implies that υ3(∆x,y,z)/υ3(∆E) ≡ −2/3 is a square mod p. This implies (−3/p) = 1.
We therefore obtain a contradiction for all y if one of the following holds
● (−2/p) = −1 and (2/p) = −1 or,
● (−2/p) = −1 and (2/p) = (3/p) = 1
which represents the set of primes, with density 3/8, in the statement of the Theorem 1.
4. Proof of Theorem 2
Suppose (x, y, z) is a non-trivial primitive solution to (1.3). From [3, Proposition 2.3] and
its proof we know that the Frey curve Ex,y,z attached to (x, y, z) has minimal discriminant
∆x,y,z given by
∆x,y,z = {28 ⋅ 32 ⋅ 52 ⋅ (xyz)2p if y is odd
2−4 ⋅ 32 ⋅ 52 ⋅ (xyz)2p if y is even.
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Moreover, after applying the now classical modularity, irreducibility and level lowering results
over Q we conclude that ρEx,y,z,p ∼ ρf,p where f is a newform for Γ0(N) and weight 2 with
level N given by
N = {120 if y is odd
30 if y is even.
There is only one such newform at level 30 and two of them at level 120, each corresponding
to an isogeny class of elliptic curves. Note that the curves in the isogeny class with Cremona
label ‘30a’ have multiplicative reduction at 2 while the curves of conductor 120 have poten-
tially good reduction at 2. Furthermore, their minimal extension L/Qun
2
of good reduction
satisfies Gal(L/Qun
2
) ≃ SL2(F3).
We now divide the proof into two natural cases.
Case I: Suppose y is even. Thus Ex,y,z[p] ≃ E[p], where
E = 30a1, ∆E = −243352.
From Theorem 2 the integers
● υ2(∆x,y,z)υ3(∆x,y,z) and υ2(∆E)υ3(∆E),
● υ2(∆x,y,z)υ5(∆x,y,z) and υ2(∆E)υ5(∆E),
● υ3(∆x,y,z)υ5(∆x,y,z) and υ3(∆E)υ5(∆E),
must differ by multiplication by a square mod p. This gives a contradiction with
(−2/p) = −1 or (3/p) = −1.
Case II: Suppose y is odd. Thus φ ∶ Ex,y,z[p] ≃ E[p], where
E = 120a1, ∆E = 24 ⋅ 32 ⋅ 5 or E = 120b1, ∆E = −28 ⋅ 3 ⋅ 5.
Note that υ2(∆x,y,z) = 8 and υ3(∆x,y,z) ≡ υ5(∆x,y,z) ≡ 2 mod p.
Suppose (2/p) = −1 and E = 120a1. It follows from Theorem 1 that φ is anti-symplectic.
Thus Theorem 4 implies that υ3(∆x,y,z)/υ3(∆E) ≡ 1 is not a square mod p, a contradiction.
Suppose (2/p) = −1 and E = 120b1. It follows from Theorem 1 that φ is symplectic. Thus
Theorem 4 implies that υ5(∆x,y,z)/υ3(∆E) ≡ 2 is a square mod p, a contradiction.
For the case (2/p) = 1 we cannot find further restrictions.
We therefore obtain a contradiction for all y if one of the following holds
● (2/p) = −1 and (−2/p) = −1,
● (2/p) = −1 and (3/p) = −1.
The condition (2/p) = −1 means p ≡ 3,8 mod 5; if p ≡ 5 mod 8 we have (−2/p) = −1 and
the result follows in this case. Suppose p ≡ 3 mod 8, hence (−2/p) = 1. Now the condition(3/p) = −1 implies p ≡ 1 mod 3. We get p ≡ 19 mod 24, as desired. So we can conclude for a
set of primes with density 3/8.
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